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Constraining odd-degree Earth structure with coupled

free-oscillations

Joseph S. Resovsky and Michael H. Ritzwoller,
Departmenf of Physics, University of Colorado, Boulder

Abstract. Several pairs of normal mode multiplets
sensitive to long-wavelength mantle structure are poten-
tial coupling partners. Geometric selection rules render
such coupling the only means by which normal modes
sample odd-degree mantle structure. That overtone
coupling can be strong and can significantly impact nor-
mal mode spectra is illustrated using synthetic seismo-
grams for a realistic earth model. These ohservations
motivate the generalization of normal mode spectral fit-
ting to permit simultaneous estimation of even- and
odd-degree structural constraints. When generalized
spectral fitting is applied to a data set of approximately
150 high signal-to-noise vertical records, dominated by
data from the Northern Bolivian event (6/9/1994), it is
found to reduce misfits appreciably for coupled multi-
plets 185 —25; and 355 —1.9s, to yield odd-degree con-
straints generally consistent with recent mantle models,
and to improve agreement between estimated and pre-
dicted even-degree constraints.

Introduction

Free oscillation studies to date have focused on the
observation and analysis of multiplet center frequencies
and line widths [e.g., Smith & Masters, 1989] and on the
singlet frequencies and self-coupling interaction coeffi-
cients estimated by singlet stripping and spectral fitting
techniques [Ritzwoller et ol., 1988; Giardini et al., 1988;
Li et al., 1991; Widmer & Masters, 1992]. These stud-
ies have provided increasingly accurate constraints on
even-degree Earth structures.

Normal mode sensitivity to odd-degree structure, how-
ever, is provided only through the interaction of the
singlets of nearly degenerate multiplets. In addition,
when coupling is significant but unmodeled, estimation
of even degree constraints can be strongly biased. These
considerations motivate the generalization of spectral
fitting to incorporate inter-multiplet coupling.

This paper has three purposes:

e to illustrate the impact of odd-degree structures,
through inter-multiplet coupling, on normal mode
spectra and on the estimation of normal mode
structural constraints;

e to demonstrate the existence and effectiveness of
a generalized spectral fitting technique that incor-
porates inter-multiplet coupling;
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e to present the first estimates of odd-degree struc-
tural constraints by generalized spectral fitting.
The results of this study demonstrate the necessity and
efficacy of applying generalized spectral fitting to a va-
riety of normal mode analysis problems.

Modal Coupling: Forward and Inverse
Theory

Starting from a spherically symmetric Earth model,
designated by mq(r)={[xa(r}, pa(r}, po(r)], an isotropic
elastic Earth model is described by m(r) = mg(r) +
dm(r,6,.¢). The perturbations to the spherical model
may be represented as sums of spherical harmonic com-
ponents, dm(r) = 37 _ [8xL(r), Sul(r),6pL(r)]Y¥}(8,9),
where s and ¢ index, respectively, the angular and az-
imuthal orders of the harmounics of lateral structure.

Twao free oscillation multiplets of the model mg(r),
indexed by their radial and angular orders & = (n,)
and &' = (n',I'), comprise 21 + 1 and 2/’ 4+ 1 de-
generate singlet modes, referred to by azimuthal in-
dices m and m’. Assuming the pair of multiplets is
well isolated in frequency from other modes, the cor-
responding modes of the aspherical Earth model are
linear combinations of the spherical earth modes, as
given, by the eigenvectors of the interaction matrix,
Znmy = C7 b1 bmm + EMFM Cz(nn’ll’) , with sin-
glet frequencies determined from the matrix eigenval-
nes. The C term includes the itnpacts of multiplet spac-
ing and of the Farth’s rotation and ellipticity, while
the T’ factors are algebraic functions that result from
the geometry of the spherical harmonic basis functions.
These factors multiply interaction coefficients of the
form, c;(kk,) = o 6m(r) - Myrn(r) r¥dr , with struc-
ture kernels, M,(r) = [K,(r), M,(r), Rs(r)], that are
known combinations of the radial eigenfunctions [Wood-
house, 1980]. The interaction coefficients summarize
the impact of structural perturbations on the modes.
For self-coupling, k = k', T = 0 for even s, and the in-
teraction coefficients constrain only even-degree struc-
ture. For inter-multiplet (cross-) coupling of spheroidal
modes, 8 # k' and T = 0 for {{+ 1+ 5) odd. Thus,
cross-coupling interaction coefficients for overtone pairs
such as 1.95—25; and 55— 54 constrain only structures
of odd harmonic degree, s.

In spectral fitting, as described by Ritzwoller ef al.
[1988], Giardini et al. [1988], and Li et al. [1991], the
interaction coefficients are estimated by linearizing their
effect on the data. The difference between the spectrum
of recording j and the nth iteration best-fit synthetic
spectrum is
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Figure 1. Degrees 1 and 2 structure kernels for 3 S5~ .55
[Woodhouse, 1980].
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for each discrete frequency (index ¢) in the band around
the target pair of multiplets. The vector sct™ com-
prises perturbations to interaction coeflicients. This is
equivalent to the matrix equation As'™ = A{") geln)
which is inverted to estimate the set of nth iteration
interaction coefficient perturbations that best fits the
observed spectra (weighted by inverse rms misfit). This
regression is iterated to yield estimates of the interac-
tion coeflicients. Spectral fitting for self-coupling co-
efficients, hereafter referred to as self-coupled spectral
fitting, employs just the & = k' terms on the right of
equation (1) in analyzing multiplet pairs. Generalized
spectral fitting simultaneously estimates self-coupling
and cross-coupling (k # k') interaction coeflicients.

7
8Cs(kk']

The Impact of Coupling

It is reasonable to attempt to measure the normal
mode signal of odd-degree structure only if such a sig-
nal is expected to be significant. Such expectations are
well established if all of the following are true: that cou-
pling provides sensitivity to odd-degree mantle struc-
ture comparable to typical modal sensitivity to even-
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Figure 2. Top Row: Eigenvectors of 355 —15s, pro-
duced by model 512 WM13, degrees 1-8. Polygon sizes
in the eigenvector matrix indicate the relative contribu-
tions to each perturbed mode from each of the com-
ponent PREM eigenfunction singlets. Bottom Row:
Eigenvalues of 335 — 195, separated into 155 (squares)
and 2S5 (X’s) groups according to the nature of the asso-
ciated eigenvector. Center frequency and (Q are general-
ized spectral fitting estimates: w = 1.5158 and @) = 337
for 285; w = 1.5216 and @ = 374 for 1 5.
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Figure 3. The impact of odd-degree structure on
285 — 155 spectra. (a) Synthetic spectra of the multi-
plets produced by degrees 1-8 of S12.WM13. (b) Degree
1 and 2 l-norms of Frechet derivative amplitude spec-
tra, Dy pn(ws) = 20; | 332.“’(%)/&;(“,) {, summed
over 196 horizontal and vertical synthetic spectra of of
2 855—1 8% for 10 events, Individual derivative spectra are
moment-normalized before summing,

degree structure; that inter-multiplet coupling consid-
erably alters modal eigenvectors and eigenvalues; and
that these perturbations resolveably impact data.

That the sensitivity of coupled overtones to mantle
structure satisfies the first condition is demonstrated by
Figure 1, which displays odd- and even-degree structure
kernels K (r) and M, (r) for the multiplet pair 3.55—1 5.
The odd- and even-degree kernels are of commensurate
magnitudes through most of the mantle. Using the re-
cent Harvard model S12.-WM13 [Su et al., 1993], Fig-
ure 2 demonstrates that the interaction coeflicients re-
sulting from the combination of odd-degree kernels and
typical odd-degree Earth structure can meet the sec-
ond condition above by strongly perturbing multiplet
eigenvalues and eigenvectors.

Finally, that such perturbations should be resolvable
in data is indicated both by large alterations in syn-
thetic amplitude and phase spectra for indivual source-
receiver pairs, exemplified by Figure 3a, and by the rel-
ative size of the average spectral impacts of perturba-
tions to self- and cross-coupling interaction coeflicients.
These latter may be derived from the columns of the
Frechet derivative matrix of equation (1). Figure 3b
displays such spectra, and indicates that the impact of
cross-coupling on 85 — 156 is often stronger than that
of self-coupling.

Spectral sensitivity to cross-coupling implies that odd-
degree structure can bias estimates of structural con-
straints by self-coupled spectral fitting. This expecta-
tion is confirmed by a synthetic experiment. A suite

Table 1. Results of the Synthetic Experiment
mode s QOUT vs IN  mede s QUT vs IN

corz ratio corr ratio
155 2 1.06 0.98 251 2 1.00 1.04
155 4 0.3¢ 1.69 285 4 045 1.35
15 2 0.98 0.96 255 2093 0.79
15 4 0.05 3.40 255 4 0.54 3.09

Input model is §12.WM13, degrees 1-8. Self-coupled spectral
fitting is used to estimate even degrees 2-8 interaction coefficients
from a set of 195 horizontal and vertical synthetic seismograms
of 17 events. The lateral correlations {corr) and ratios of rms
amplitudes {ratio) of the OUTput and INput splitting functions
at degrees 2 and 4 are shown.
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171 vertical recordings lmom 10 evepts were s=moployed for 3 Sa-3.5
A T T recaddds were nsed fop 2 5%-1 5.,

af semmogrames 16 synthestzed feom the self- and cross-
coupled eigenvectors of the pairs 1.8 —25 and 25— 5.
and self-coupled specteal fitting is applied to these syn-
thetic dala.
pared using lateral splitting functions, Fue (¥, a) =
E-.: rL H.I'i',r{l'l'.l:.ll [Gi.ﬂ.ﬂli.ni el al, ]ﬂﬂﬂ]. The resialis
of these comparipons, presented in Table 1, are sumnma-
rzed by two ohservations, First, the laternl corcelation
of estimated and input even-degree splitting functions
i= high only for degree 2, Second, the rms amplitndes of
the estimated splitting functions at degree 4 are much
greater than those for the inpat coefficienis. Such bias-
ing, which is even more prononnced at higher degrees, s
the expectad resnlt of & regression which attribates the
effects of both even- and add-degees Earth steaetiares
i1 mn—drgrw interaction corficients alone.
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Observations of Odd-degree Structure
Coefficients

With F'REM a= an input model, both self-conpled
and penecalized apeciral fitting for the inferaction cosf-
ficients, degenerate fregquencies, and Q' of the | S5=25y
anl 3855 —1 8¢ pairs were performed on a set of approx-
imately 130 vertical component speetra from 10 lange
events dating back to 1977, This set of high signal-to-
noise recopdings is doainated by data from the North-
ern Bolivian event of 1994,

In order to provide a qualitative assessment. of the
wiility of peaecalized specteal Giting and the validivy
of the resulting estimates of even- and odid-degree con-
siraints, thoee questions are posed. First. do the gener-
alized spectral Btbing regressions produce Improved fids
to data? If a measurable signal of odd-degres strue-
iiupe is being fit, misfits, as measared with X7 ralios
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Table 3. Comparisons of Odd-depres Splitting Fune-
tions

mode »  EwaH Exs8 Hus5
rorr ratin wore refin corr ko
iFezdy 1 DOE 125 053 LEE 63 1.
aSe-zf 3 082 110 002 108 (058 00
1515 1 006 1.44 DGR 176 (49 1.1
s8-8 3 DT 119 0T 1.8 005 058

Gleneralined apectral fitting estimates (E}, Marvard [mnrll#
S1Z.WMIS and Sevipp (5 madel 017 are eompared. W05
comfidence levels for correlation af degrees | aml 3 i 0 Al

2, mapertively.

[Ritzwaller of al, 1988], should be smaller than those
produced by self-conpled spectral fitting estimates for
structure of comparable wavelengths, Second, are es-
timated odd-degree coeflicients consistent existing con-
siraints on aspherical stracture. as defined. roughly, by
the similarties and differences of recent Exclh models?
Third. does generalized spectral ficting yield impoovesd
agreement between estimated even-degres structure and
meoddel predictions, as forecast by the basing efects ob-
served in synthetics?

Generalized spectral fitting produces significant. im-
provements beest-fit X2 ratios. Tahle 2 lsts misfils
for suites of self-coupled and generalized spectral fit-
ting pegressions performed for (5, — 25 and 35— 5,
interaction coefficients. Estimates of degree 1 and 3
constrainbs reduce misfits more effectively than do eati-
mates of even-degree constraints of degree 4 or greater.

The add-degree interaction coefficients estimated s
:i:n.p; p'nfral'i:.'l;ﬁl HEIH'II.'HJ ﬂl!l‘.|:||.|.q Appear rodslatent witl
the predictions of 512 W13 and the Scripps miodel
EH. 1017 [}Tn.ul.l-r.-. el al [5]92|. as lusteated Ty the
splitting functinns plotted in Figare 4, and by the statis-
ties presented in Table 3. Lateral coroelations to at least
the Harvard model are above the B0 confidence level
al degrees 1 and 3. Estimated splicting function ampli-
tudes are somewhat greater than model predictions.

Finally, peneralized speciral fitting yields inprove-
ments in the consistency of estimated even-degres strue
ture coefflcients with model predictions, as demonst rated
by Tahle 4. The peneralized specical fitting estimates
correlate mackedly better with the niodels than do the
self-conpling estimates, rspeaally at degeee 4, and rms
amplitudes of estimated degree 4 splitting functions ace
pedueed to valoes much nearer the niode] predictioons.
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Figure 4. Estimated and predicted odd-degree splitting functions for | 5. =25;.
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Table 4. Comparisons of Even-degree Splitting Functions

self-coupled spectral fitting

generalized spectral fitting

mode 8 EvsH EvsS Evs H Evs S HvsS
gorr ratio corr ratio corr ratio COIT ratio corr ratic

155 2 0.96 1.21 0.75 1.26 0.96 1.20 0.78 1.24 0.87 1.03
155 4 0.41 2.62 0.51 1.97 0.73 1.59 .57 1.20 0.25 0.75
254 2 0.98 0.87 0.97 0.94 0.96 0.81 0.93 0.88 0.96 1.08
254 4 0.33 1.49 0.60 111 0.63 1.11 0.52 .83 0.51 0.74
15 2 0.91 1.15 0.77 1.35 0.95 1.15 0.86 1.35 0.92 1.17
156 4 0.26 3.40 0.21 2.50 0.59 2.31 0.69 1.70 0.29 0.74
25% 2 0.22 0.85 0.05 0.85 0.90 0.95 0.93 0.96 0.94 1.01
255 4 0.19 6.67 -0.32 5.49 0.49 2.14 0.31 1.76 0.60 0.82
90% confidence levels for correlation at degrees 2 and 4 are .73 and .55, respectively.

Table 5. Odd-degree Interaction Coefficients

mode o Rele)  Im(e]) & Re(@d) Tm(cd) _ Re(cl) Tm(ch) _ Re(d) ___Im(c})

10%-29: 1.30L.25 1.49%.15 -0.124.15 -2.74£.30 1.03£325 -0.15£.25 0.77L£.20 -1.554+.25 -0.09+£.25 -0.14+.20
285155 0.71+.35 1.86+.30 -0.57+.30 -2.54+.60 -0.04+.45 -1.39+.55 0.75+.456 -2.24+.50 0.58+.45 0.05+£.40

Uncertainties estimated with scaled standard deviations, similar

to the methed of Ritzwoller et al., 1988,

the estimated odd-degree coefficients. Estimated de-
gree 1 and 3 interaction coefficients for multiplet pairs
185284 and 95 —1 5% are presented in Table 5. These
are the first constraints on odd-degree mantle struc-
ture to emerge from the analysis of long-period nor-
mal modes. Re-estimated even-degree constraints and
higher order odd-degree coeflicients will be presented as
part of a more comprehensive study, in progress.

Conclusions

In addition to presenting the first estimates of interac-
tion coeflicients for odd-degree aspherical Earth struc-
ture, this study has demonstrated that:

¢ Cross-coupling of nearly degenerate multiplets by
odd-degree structure can strongly perturb modal
spectra.

o The effects of coupling can strongly bias purely
self-coupling modal analyses.

¢ Generalization of the established spectral fitting
technique to allow for simultaneous estimation of
self-coupling and cross-coupling interaction coef-
ficients permits both improved estimates of even-
degree constraints on aspherical structure and es-
timation of odd-degree structural constraints.

Generalized spectral fitting has several immediate ap-
plications. The method will be employed in the analysis
of approximately a dozen overtone pairs relevant to in-
vestigations of mantie structure. It will also be used in
an attempt to improve estimates of the self- and cross-
coupling interaction coeficients of strongly interacting
spheroidal and toroidal fundamentals, and can be ap-
plied to along-branch suites of coupled multiplets.
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