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Surface Nuclear Magnetic Resonance Imaging of Large Systems
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The general theory of surface NMR imaging of large electromagnetically active systems is considered,
motivated by geophysical applications. A general imaging equation is derived for the NMR voltage
response, valid for arbitrary transmitter and receiver loop geometry and arbitrary conductivity structure
of the sample. When the conductivity grows to the point where the electromagnetic skin depth becomes
comparable to the sample size, significant diffusive retardation effects occur that strongly affect the
signal. Accounting for these now allows more accurate imaging than previously possible. It is shown
that the time constanf; may in principle be inferred directly from the diffusive tail of the signal.
[S0031-9007(99)09154-1]

PACS numbers: 76.60.Pc, 87.61.—c, 93.85.+q

The nuclear magnetic resonance (NMR) technique proand imaging may be accomplished only by varying the
vides a method for measuring the nuclear magnetic mopulse lengthr, and the relative sample positio. The
ment of a sample in a static magnetic fieBR). The inverse problem to obtaimy(r) then becomes highly
nuclear spins are pulsed with an ac magnetic field that isontrivial [3,4], and uniformity ofB is greatly desirable.
tuned to oscillate at the Larmor frequeney = 27y, = In geophysical applications this is accomplished by using
vBy, wherey (= 4258 Hz/G for a free proton) is the gy- the earth’s field aB,.
romagnetic ratio. This causes the spins to tip away from In typical laboratory (nongeophysical) applications, ex-
and then precess aboBp at frequencyw;. The ac volt- perimental parameters are chosen so that the transmitted
age generated in the NMR receiver loop by the precessingnd received magnetic fields are at most weakly perturbed
spins then may be used to determine the original nucledsy the bulk electromagnetic properties of the sample.
magnetic moment [1]. Free induction decay characteristic&enerally this requirement places an upper bound on the
of the signal also carry information about inhomogeneitied armor frequency, and hence on the magnitude of the
in By and microscopic interactions. static field By itself. The NMR signal is directly pro-

In many applications it is only part of the sample, e.g.,portional to the equilibrium nuclear magnetization
hydrogen nuclei in water or in certain organic moIecuIeSME\(,))(r) = xn(T)ny(r)By, where yy is the single spin
that contains free (i.e., unpinned by internal fields) nu-static susceptibility [5], which increases with the static
clear spins, and it is of interest to obtain a spatiallyfield, and an upper bound is then also placed on the
resolved image of this active region. There are two commeasurement sensitivity.
mon ways of doing this. The first, used, e.g., in medi- In certain geophysical applications, such as ground-
cal imaging, is to apply a small linear gradient to thewater exploration [3,4], one has a complementary prob-
static field. The Larmor frequency then varies in spacelem. The active volume is roughly the same size=
and only on some surface does it match the frequency0-100 m as the transmitter loop. The proton Larmor
of the ac field. Only spins close to this surface will frequency in the earth’s field is about 2 kHz, and the skin
then be tipped and contribute to the voltage signal. Bydepth &, at this frequency falls into range or less for
varying the field gradient and the ac frequency differ-ground resistivities below abow® 2 m. The latter typi-
ent regions of the sample are resolved, and by pereally vary from2 Q m for very salty soils t&0  m for
forming an appropriate transform on these variables, thelean soils. Quantitative analysis of data from depths of
position dependent nuclear spin number densjiyr) is  order 8, then requires that one account for the distortion
obtained. effects of the ground on the electromagnetic signal propa-

In the second technique [2], known as surface NMR (omgating to and from the nuclear spins.
rotating frame imaging, using surface coils, in medicine), We present in this Letter a quantitative theory that
the placement of the transmitter loop that generates thiilly accounts for the effects of sample conductivity,
ac field is geometrically limited, e.g., by physical or assumed known or inferred from other measurements, on
economic considerations. Such is the case in geophysictle measured NMR signal. We consider here only the
applications where the NMR apparatus is confined to thease of uniformB, [6]. The resulting imaging equation,
earth’s surface or inside a bore hole. The ac field then had5) and (16) below, has quite a remarkable structure, is
a nontrivial spatial distribution, and spins will be tipped quite different from any used previously in the literature,
by different angles at different points in space. Controlledand will have a significant impact on the interpretation of
gradients in the applied field are then impossible as wella number of experiments [3].
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Let By(r,r) be the ac transmitter loop field, and frequencies this delay is dominated by diffusive, not
let By(r,7) = V X Ay(r,t) be the field, and associated speed of light, effects. Thus, e.g., with= 1 ande =
vector potential, generated by the nuclear spins [7]47io/w, EQ. (4) is the diffusion equation with diffusion
The corresponding receiver loop voltage (in GaussiamonstantD = ¢2/47wo. The delay time over the sample
units, which are used throughout unless explicitly statedgizeL will then scale as; ~ L?/D. Since the skin depth
otherwise) is thetV (1) = —(1/¢) d®(t)/dt, where is given bys, = v/2D/w, one hasw;rqy ~ L*/8,(w)>.

Thus if My has dynamics on the time scalg = 1/v; of
O(1) = f By(r,t) - hdA = / Ay(r,t) - dl (1)  the Larmor period, the’ integral weighted byBy in (6)
. S, ¢ . will result in significant time averaging of the dynamics of
is the magnetic flux through any surfaSespanning the . whens,(w;)/L = O(1). In MKS units appropriate
receiver loopC. Let this loop be parametrized by a curve {5 the geophysical problem, one has
Yy(s), 0 = s < I, with ¥(0) = y(I). It is convenient to

2
define a fictitious current density, W Ty = 272< VL )( L ) (1 Qm), @

I R ) 1 kHz / \ 100 m p
Je) = [ dso, 3010l = ). @ | o .
0 wherep = 1/ is the resistivity. The earlier estimates

living on the curveC. A current/ in the receiver loop follow from this formula. On the other hand, in the
would yield a physical current densify/z. The flux may adiabatic limitL < §;(w.), whereMy varies slowly on
then be written in the form the scale ofr,4, Eq. (6) reduces to

D(1) = f d’r Ay(r,1) - Jg(r). 3) V(t) = —fd3r BA(r) - 9, My(r,1), (8)

Choosing a gauge in which the static potential vanishes, i w0 i o
Ay satisgf:]ies ?he ?requency domain equgtion “ih which Br(r) = [y dt Br(r, 1) is thestaticfield gener-
ated by asteadycurrent Jr in the receiver loop.
V X (LV X AN) — ek®Ay = 4—7TjN, (4) During the tipping pulse) = ¢t = 7, the transmitter
M ¢ loop current is given by (¢) = 19 codw,t). We assume
wherek = w/c, andjy = ¢V X My is the microscopic 7r > Ta SO that after a brief transient the transmitted field

current density associated wity. The frequency de- Will @lso be periodic with frequency,.. Itis thecorotat-

© . 5 o
pendent dielectric function has the low frequency forming partof By = By — (B, - Br)B, (the projection of
e(r,w) = 4mio/w, whereo(r) is the local dc conduc- the transmitted field into the plane orthogonalBg) that

. . J_ . . .
tivity. The magnetic permeability. is also in general fre- tiPS the spins away fromB,. ThusB7 is in general ellip-
quency and position dependent. Now, 1t be defined fically polarized, but may be decomposed into clockwise
to satisfy (4) with Jx(r) replacingjy. Even thoughJ, corotating and counterclockwise counterrotating circularly

’ ; pl _ pt —
is frequency independent@ x(r, ») will gain frequency Polarized componentsBy = By + By. One may
dependence frora andx. The inverse Fourier transform Write [8]

of (4) then shows thatA x(r,¢) is the field produced by B: = 192 [codwrt — {r)br
a delta-function current pulsdx(r)s(z) in the receiver r T o R R
loop. Causality requires thafl ¢(r, r) vanish fors < 0. + sin(wrt — {r)Bo X br],  (9)

Substituting the equation fafl ¢ into (3) and integrating

' in which br(r, ;) is the semimajor axis of the ellipse,
by parts, one obtains r(r,oL) J p

Rp7(r,w;) = |B7| are the magnitudes of the two circu-
_ o N / lar components, andr(r, w;) is thephase delaydue to
(1) [d rfo dr jy(r.t = 1) - Ar(r.r). (5) diffusive retardation) between the transmitter current and
l .
representing a kind of reciprocity theorem. Finally, Br- FOr0 =1 < 7, one then finds
substituting the nuclear magnetization and integrating by, (r, ) = MY codwrt) + MY X B sin(wr1),
parts one more time, one obtains for the voltage (10)

V() = — f d3r[ di' Be(r,t') - 9, My(r,t — 1), in which B7 is a unit vector alond7 (r), and wz(r) =
0 y|B7|. Equation (10) represents the standard solution to
®)  the free spin Bloch dynamics in which, in the frame coro-
whereBg = V X Ay is the fictitious magnetic field due tating with B;, My rotates clockwise abouB; at rate
to the delta-function pulse in the receiver loop. wr [1]. Fort > 7, the spins continue to precess at a
The field Bz encodes the sensitivity of the receiver fixed tipping angled; = wr7,, but dissipation and de-
loop to My (r, t) at a particular space-time point, and its phasing effects will also cause slow reequilibration. This
t' dependence encodes delay effects due to the trans# accounted for phenomenologically with time constants
time of the signal fromr to the receiver loop. At low T;(r) and T,(r) describing, respectively, the recovery of
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the magnetization alonB,, and the decay of the precess- loops. The kernel is given by

ing in-plane magnetization: W+ o= sin(ygpit)

0 —(t=1,)/T; B IR P R
My(r,t) = MEV){I + ¢ =T/T [codwrT,) — 1]} X (bg - by + iBo - bg X br). (16)

+ e /MY X B sin(wrr,), (11)  Equations (15) and (16) are our basic results. The factor

. Lo . ) pr indicates that it is the counterrotating part of the
in which By continues to be defined by (9) for> 7. receiver loop field that enter&. This is due to the

Under the assumption that, /w7, @ Ty, @ T2 3> 1, the ¢ ihat the latter enters as a memory effect, i.e., in a
time derivative of the magnetization is dominated by thetime reversed fashion. The phase factdf**<) shows

Larmor precession, and one obtains that phase delay effects arise from the propagation of the

K(q,x0;r) = —2wy ynBoe

My = wLMg’)e—U—Tn)/Tz sin(wTTp)ﬁ;. (12) transmitted signal both to and from the sample. In many
o ) ] applications the receiver and transmitter loops coincide,
Substituting (12) into (6) one obtains the voltage measurement being made only a suitable delay
time after the end of the tipping pulse. In this case one
Wy o) . —(— . .
V(t) = - f d*r My’ sinwrT,)e T may simplify (16) to the form

2w B :
Tmax K(q’ X();I‘) — _% 62151.

. . . . . .
% {e_l(wllt_gT)(bT — iBy X by) - / dr' |BT|SII’1(‘)/TI,|BT D).
0

T
. , 17)
(iwp,+1/T)t /

xe Br(r, 1) + c.ci, (13) Kernels resembling (17) have been used in the geophysi-
where c.c. stands for complex conjugate, and the uppei@! literature [3,4,9], but the distinction betweBj and
limit 1 — 7, < tmax < ¢ Stands as a reminder that (12) is Br, and the presence of the crucial phase fagtdnas not
valid only for# > 7, and that the signal vanishes identi- b€en previously recognized. Previous kernels either im-
cally for + < 0. This cutoff is important at large times be- Plicitly assumed the validity of the adiabatic limit, where
cause the delay functioBg(r, ) =~ 77 ' Bx(r) (r4/t)?  ¢r = 0and|Br| = |Br| are both exactly half the ampli-
decays as a power law = 5/2 at large times (see be- ftude of the total transmitted signql, or were based on naive
low). The e’/™ factor then dominates at large time and incorrect generalizations of this limit. .
the response is determined by the cutoff. The signal Consider now an application to a geophysically mo-
is then determined by the late arrival of the diffusivetivated imaging problem. Let the ground have uniform
tail of the field that was generated at early times. Thisconductivity o = 0.05 S/m, yielding a skin deptt, =
effect will be considered quantitatively below. Of pri- 50 m atthe Larmor frequency corresponding to the earth’s
mary interest, however, is the NMR signal at early timesfield, and a _smgle l_anounded horizontal Igyer of saturated
7, + 74 < t < T}, T,. Inthis regime one may drop the water of various thicknesses placed at various depths: 10—
exponential decay factors. The cutoff is no longer needed0. 30—45, and 60—80 m. In the left-hand side of Fig. 1
for convergence and one obtaivi§r) = ReVye “:! with ~ We plot the complex NMR voltage amplitude calculated

complex amplitude from (17) for coincident 100 m diameter circular trans-
mitter and receiver loops over a range gfdesigned to

Vo= —w, ] d3rM,(3)sin(wT7-,,)ei§" significantly tip spins as deep as 100 m. Notice that the
largest response occurs at larggeras the depth of the

X Bgr(r,w) - (by — iBy X by). (14) Wwater layer increases. In the right-hand side of Fig. 1
we show the results of inverting the conducting voltage
It is therefore only the Larmor frequency Fourier compo-data using (i) both real and imaginary parts of the data,
nent of Br(r, 1) that enters the early time signal. It is, (ii) only the real part of the data, and (iii) only the real
in fact, (the real and imaginary parts of) that are out-  part of the data along with the (incorrect) insulating ker-
put directly from the standard NMR quadrature detectiomel. The inversion accuracy progressively degrades, with
scheme [1]. To put (14) into a more convenient form, deiii) even predicting dominantly negative water content in
compose the in-plane projection B (r, w.) in the form  the case of the deepest layer. Only (i) provides an accu-
(9) with corresponding parametepg , {z, andbg. Sub-  rate reconstruction. This exercise demonstrates convinc-
stituting the result into (14) one obtains finally the funda-ingly that evenqualitatively correct inversions at depths

mental imaging equation comparable t& require the new theory.
Finally, consider the decay characteristics of the NMR
Vo(g, xg) = f d*r K(gq,xo;1)ny(r) (15) signal. From (13) it follows that thes; Fourier com-

ponent of the signal is obtained simply by multiplying
in which we have now explicitly displayed the ex- the kernelK by e ¢~7)/:()  The later time signal,
perimentally controllablepulse momenyy = I?T,,, and ¢/T, = 0O(1), is then a linear superposition of exponen-
sample positionx, relative to the transmitter and receiver tial decays reflecting strengths of the various dephasing
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3 rapidly, it averages essentially to zero and makes a neg-
ooom ] ligible contribution to’My. The main contribution then

] comes from thd'; decay of the parallel magnetization that
] was neglected in (12). Using (10) and (11), and assuming
e thatT, > 7,, as is typically the case, one obtains
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The amplitude of the decaying signal (18) then directly
reflects the distribution of time constanty, which in
laboratory measurements are obtained by pulsing the
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E g0-som § _ 20 of magnitude or more, the power law prefactor in (18) is
& 1000 | 4 EawF . . . \rpe
5 f ooz = i ] extremely small, and this amplitude will be very difficult
2 500 Pt - 2 -60 - 7 =
R EI RO ! E to extract.
0F = - El H q . . -
s \_1 100 o den e i b1 In conclusion, Egs. (15)—(17) provide explicit, com-
T s 100 Lexio® 0 05 1 pact forms for analyzing NMR data in the presence of
pulse moment g (A-ms) water density k I icall : .
o 2om o condoetor real and imaginary data with a known e ectromagn(f:tlca y active enwronm_ent. Recgnt
.......... imaginary data for conduetor | | - _____. real deom e ermels and planned geophysical measurements fall into a regime
,,,,,,,,,,,,,,, real data for insulator ------------ real data with insulative kernels

where accounting for environmental conductivity effects

FIG. 1. Model geophysical application to detection of a layeris crucial. In future work [11] the corresponding inverse
of saturated water of various widths at various depths (shown iproblem will be analyzed in greater detail and quantita-
each panel). Left: Calculated complex NMR voltage amplitudetjvely compared to experimental data.

for conducting ¢ = 0.05 S/m) and insulating subsurface half Support of the DOE, through Grant No. DE-FGO7-

spaces. Right: Recovery of the original water distribution .
by inversion of the conducting data on the left. Note the96ER14732,1s gratefully acknowledged.

large degradation in the accuracy of the inversion, including
unphysically negative water content, when the imaginary part of
the voltage is not used, and when the incorrect insulating kernel
is used.

[1] See, e.g., A. Abragan®rinciples of Nuclear Magnetism
(Oxford University Press, New York, 1983).

processes throughout the sample. This is, in fact, the ba 2] See, e.g., D.I. Hoult and R. E. Richards, J. Magn. Reson.

sis for T; and T, contrast imaging in medical applica- 24, 71 (1976).
tions. In the application to imaging water in porous rock, [3] See, e.g., D.V. Trushkin, O.A. Shushakov, and A.V.
1/Ty * nimpS/V, Whereniy,, is the density of paramag- Legchenko, Geophys. Prosped8, 623 (1995).

netic impurities on the pore surfaces afSdV is their [4] A.V. Legchenko and O. A. Shushakov, Geophy$@&s 75
surface-to-volume ratio [10]. If one uses the early time (1998).

data to invert (15) fony(r), the later time data may then [5] For noninteracting spins, the Curie law [ljy =
be inverted to give information about the pore size distri- ~ ¥*/*J(J + 1)/3ksT is appropriate, where/ is the
bution. The latter directly reflects the diffusivity of the nuclear spin. _ L
fluid through the rock and is crucial, e.g., in oil recovery [6] A combined theory accounting for nonuniformities in
and toxic contaminant containment. both By and the ac field, essentially merging the two

At late i T T the L Fouri imaging methods, will be considered in later work. This
very late umes,¢ > 1,13, the Larmor Fourier theory would probably be most useful for enhancing the

component disappears and the overall signal becomes resoiytion of the first method by correcting for small
dominated by the upper cutoff,., in (13). In this limit nonuniformities in the ac field.
By varies slowly on the scales df; and 7>, and one  [7] All fields considered in this Letter are to be computed
may factor it out of the time integral. Starting from the within the environment defined by and w in (4).
original form (6), one obtains then the decaying dc signal [8] Computation ofB7, with associatedr, p7, andbr, from
Pt B7 is elementary. Details may be found in [11].
~ P [Td 3 . [9] M. Goldman, B. Rabinovich, M. Rabinovich, D. Gilad,

V(@) 2 ( ) f d’r Bu(r) - My(r),  (18) I. Gev, and M. Schirov, J. Appl. Geophyal, 27 (1994).
] ) " ) ) [10] R.L. Kleinberg, W. E. Kenyon, and P.P. Mitra, J. Magn.
in which My = [, ds[M(r,s) — My (r)] is the total Reson. A108 206 (1994).
integratedmagnetization pulseand B.. was introduced [11] P.B. Weichman, E.L. Lavely, and M. Ritzwoller
below (13). Since the in-plane magnetization oscillates  (unpublished).

4105



