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ABSTRACT

1. Introduction

Accurate models of shear velocities in the shallow subsurface (< 300 m depth
beneath the sea floor) would help to focus images of structural discontinuities
constructed, for example, with P to S converted phases in marine environments.
Although multi-component marine seismic data hold a wealth of information
about shear velocities from the sea floor to depths of hundreds of meters, this
information remains largely unexploited in oil and gas exploration offshore.
We present a method that utilizes the full richness of information in marine
seismic data called the Multi-Wave Inversion (MWI) method. At present, MWI
jointly uses the observed travel times of P and S refracted waves, the group
and phase velocities of fundamental and first overtone interface waves, and the
group velocities of guided waves to infer shear velocities and V}, : V; ratios. We
discuss how measurements of the travel times of these diverse and in some cases
dispersive waves are obtained and how they are utilized in the MWI method to
estimate shallow shear velocities. We present examples of marine data acquired
by Fairfield Industries, Unocal, and Western Geophysical and apply MWTI to the
Fairfield Industries data to obtain a model of V; with uncertainties to a depth
of 225 m and V), : V; to about 100 m depth. We conclude with a discussion of
the design of offshore surveys necessary to provide information about shallow
shear velocity structures.
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ity (e.g., Hamilton, 1979; Gaiser, 1996). For geotechni-
cal engineers these models would help to constrain the

The ability to construct reliable models of the shear ve-
locities of marine sediments down to 100 m or more be-
neath the sea floor is important in a number of disparate
disciplines. For example, for exploration seismologists
these models would help to improve the shear wave static
correction needed in oil and gas exploration (e.g., Mari,
1984; Marsden, 1993). This need has grown in impor-
tance as multi-component marine surveys have become
common (e.g., Caldwell, 1999). Images of deep shear ve-
locity horizons are sometimes better than those achiev-
able with P-waves particularly in and around gas clouds
(e.g., Zhu et al., 1999) and beneath high velocity lay-
ers (e.g., Purnell, 1992) and together with P-waves pro-
vide Poisson’s ratio which is used as a proxy for poros-

shear modulus for investigations of foundation vibra-
tions, slope instabilities, and expected earthquake effects
(e.g., Smith, 1986; Frivik and Hovem, 1995, Stokoe et al.,
1999). Also, knowledge of sedimentary acoustic proper-
ties is needed to understand acoustic wave loss which is
important for sonar propagation, particularly in shallow
water (e.g., Stoll et al., 1988).

Over the past few decades, the shear or geoacous-
tic properties of marine sediments have been extensively
studied in the laboratory and in situ in a variety of
marine environments from near the shore to the deep
oceans (e.g., Bibee and Dorman, 1991). Akal and Berk-
son (1986), Rauch (1986), Stoll (1989), and Hovem et
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al. (1991) present reviews or collections of articles on as-
pects of the subject. The greatest advances appear to
have been in the use of interface waves to estimate shal-
low shear velocities, which is perhaps ironic given the
pains taken to filter out these waves in land surveys (e.g.,
Saatgilar and Canitez, 1988; Hermann and Russell, 1990;
Shieh and Herrmann, 1990; Blonk, 1995; Ernst and Her-
man, 1998).

In a marine setting, the waves trapped near the
solid-fluid interface are sometimes called Scholte waves
(Scholte, 1958), in contrast with Stoneley waves near a
solid-solid interface or Rayleigh waves near the air-solid
interface. All of these waves, however, are dispersive with
phase and group velocities that are sensitive primarily
to shear velocities at depths that are inversely related
to frequency. The methods of analysis fall into four gen-
eral categories. First is the measurement of the veloci-
ties of the fundamental and first-overtone with multiple-
filtering methods sometimes called frequency - time anal-
yses (e.g., Dziewonski et al., 1969; Levshin et al., 1972,
1989; Cara, 1973). Recent studies include Dosso and
Brooke (1995), Essen et al. (1998), and Kawashima et
al. (1998). Second are differential multi-receiver or multi-
source phase velocity measurements which have been ap-
plied primarily to the fundamental mode (e.g., recent
studies include Park et al., 1999; Stokoe and Rosenblad,
1999; Xia et al., 1999). The third method is the mea-
surement of the phase velocities of the fundamental and
several overtones using w — k analyses (e.g., Gabriels et
al., 1987; Snieder, 1987). Finally, wave-form fitting has
also been applied in a few studies to estimate shear ve-
locities and @ simultaneously (e.g., Ewing et al., 1992;
Nolet and Dorman, 1996). We note that modes higher
than the first or second overtones are typically not inter-
face waves, but may sum to generate guided waves each of
which is trapped in a waveguide which may extend well
below the interface (e.g., Kennett, 1984). Techniques for
studying surface waves are also highly developed in re-
gional and global seismology (e.g., Knopoff, 1972; Ritz-
woller and Lavely, 1995; Ritzwoller and Levshin, 1998;
Vdovin et al., 1999; and many others).

Each of the methods above has its strengths and
weaknesses. Any technique that utilizes the fundamental
and first-overtone exclusively will provide little informa-
tion about shear velocities below a few tens of meters
unless waves can be observed at very low frequencies
(i-e., below 2 Hz which is uncommon in exploration or
geotechnical seismic surveys). Waveform fitting methods
require detailed knowledge of the amplitude and phase
response of the instruments, information about instru-
ment - sediment coupling, and a priori knowledge of or
joint inversion for a ) model. Finally, methods based on

w —k analyses are typically best suited for 1-D inversions
and typical shot spacings in marine exploration may be
too coarse for analysis of interface waves.

We describe a method that is not intimately depen-
dent on knowledge of instrument responses or @), is de-
signed for application in multiple dimensions, and pro-
vides information below the top few tens of meters be-
neath the sea floor. The method is based on the joint in-
version of interface wave and guided wave dispersion and
body wave travel times. We call this method Multi- Wave
Inversion (MWI). As presented here, MWI simultane-
ously interprets interface wave group and phase veloci-
ties, the group velocities of guided waves, and refracted
S travel times, but MWTI is generalizable to other wave
types such as multiple S bounce phases and converted
phases.

We follow the common practice of interpreting the
dispersion of interface waves in terms of the normal
modes of the medium of propagation. (The Appendix
presents a summary.) Normal mode eigenfunctions give
the particle motion of the waves, phase and group ve-
locities may be computed from the eigenfrequencies and
their frequency dependence, and it is also a simple matter
to compute integral sensitivity kernels (e.g., Rodi et al.,
1975). Guided waves are also a dispersive wave but, as
we describe below, are not as naturally interpreted from
a modal perspective because each guided wave typically
comprises more than a single mode. This characteristic
of guided waves renders the inverse problem non-linear
and we discuss how to deal with this non-linearity. We
model the refracted S waves using ray theory.

The MWI method is applied to a small data set
provided to the authors by Fairfield Industries. These
four-component data are recorded in very shallow water
(~ 5 m) off Louisiana. There are three receivers spaced
at about 1 km, and several hundred shots spaced about
every 25 m. The depth of the model is determined by
the maximum range to which refracted S is observed.
Shear waves are unambiguously observed to about 1.2
km distance, which means the S model extends to a little
more than 200 m beneath the sea floor. P travel times
are measured to the same distance and because P turns
above S, the P model extends only to a depth of about
100 m. Due to this source - receiver geometry, we present
results from our Monte-Carlo inversion only for a 1-D
model, but MWI is applicable in multiple dimensions.
Indeed, we also provide information about the variability
of interface wave dispersion over the region of study.

Future enhancements and extensions of MWI in-
clude generalizing the inversion to multiple dimensions
and investigating its application to land data. MWI, as
we describe, is appropriate for any medium in which



the heterogeneities are sufficiently smooth so as not
to strongly scatter the interface, guided, and refracted
waves. Marine environments characterized by active sed-
imentary deposition tend to display such characteristics,
but so do some land settings with particularly strong
“ground-roll” (e.g., Al-Husseini et al., 1981). In addition,
if the detailed information needed to perform waveform
fitting exists, MWI would provide a very good starting
model for waveform inversion. Although we regard wave-
form inversion to be a desirable direction for the future
development of the MWI method, it remains to be seen if
it will provide superior results to a method based purely
on travel times and wave dispersion.

The remainder of the paper is divided into four sec-
tions. In section 2, we present a discussion of the physics
of waves in a marine environment. In section 3, we de-
scribe the data and measurements used in this study,
and in Section 4 we present the use of MWTI to estimate
the 1-D S model and assess its uncertainty. Finally, we
conclude with a discussion of the specifications of a ma-
rine survey designed to provide the wave forms needed
for the MWI method.

2. Theoretical Expectations

Synthetic experiments have proven useful to gain insight
into the nature of the various wave types and phases
that appear in multi-component marine data. The pur-
pose of this section is to use synthetic wave-fields con-
structed using the shallow marine model discussed in
Section 4 (Fig. 17) to identify the main phases and wave
types expected in a marine survey and to guide the
use of the MWI method to infer shallow shear veloc-
ity structure. The wave types that we identify as poten-
tially useful include phase and group velocity dispersion
measurements of fundamental and first overtone inter-
face waves, group velocities of guided waves, refracted .S
and P travel times, differential travel times for refracted
multiple bounce phases (e.g., S — 5SS, etc.), and travel
times of P to S converted phases.

The appendix provides a brief summary of the use
of normal modes to compute synthetic seismograms in
simple plane layered media. For the synthetic seismo-
grams shown in this section, we have summed the first 11
Rayleigh modes (the fundamental and the first 10 over-
tones) from 1 to 15 Hz tapering the resultant spectrum
from 1- 1.5 Hz and 12 - 15 Hz. The shallow marine shear
model, displayed in Figure 17, has a fluid layer overly-
ing a vertically layered half space. An explosive source
with a characteristic time of 1072 s is placed 2 m above
the ocean floor. Without lateral heterogeneities or ani-
sotropy, Love waves will not be generated by an acoustic
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Figure 1. Separate modal contributions to the horizontal
component (COME) of the synthetic waveform FF0013 in
the record section found in Fig. 5. The complete synthetic
seismogram is at the top, labeled as ‘sum’ left of the trace.
The fundamental mode and the first ten overtones that to-
gether sum to the complete synthetic waveform are labeled
with the mode number and arrayed below it. Amplitude nor-
malization factors are arrayed right of every trace. The ap-
proximate location of the S wave, the first guided wave (G1),
and the fundamental interface wave (Ip) are indicated on the
sum. The guided wave can be seen as the sum of first through
fourth overtones and the S wave is the sum of these and higher
modes. The record is at a range of 400 m from the source.

source in a fluid region. Thus, Love waves are not in-
cluded in the synthetic seismograms shown here and all
horizontal components are directed radially away from
the source. The shear () model is frequency independent
and approximately constant with depth with an average
value of 23 and physical dispersion is included in the
elastic moduli.

To illustrate modal summation, Figure 1 presents a
horizontal displacement seismogram in which each of the
modal contributions is plotted separately. Each higher
mode contributes successively higher group velocities,
but the amplitudes reduce systematically so that the en-
tire seismogram is very well approximated by the first
seven modes. The frequency content of the seismograms
is determined by the @ model and the height of the
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amplitude

frequency (Hz)

Figure 2. Fundamental mode excitation curves (A(w) from
the Appendix) for shots in the water at different elevations
above the sea floor with receivers on the sea floor. The shal-
low marine model in Fig. 17 has been used. Elevations above
the sea floor are indicated next to the associated excitation
function. The product of these curves with the displacement
eigenfunctions (e.g., Fig. (4)) gives the amplitude of the re-
sponse of the medium to a point source in the fluid layer. No
attenuation is included.
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Figure 3. Dispersion curves for the shallow marine model
shown in Fig. 17. (a) Group velocity curves. (b) Phase veloc-
ity curves. Mode numbers are labeled on the plot from the
fundamental mode (0) up to the eleventh overtone (11).

acoustic source above the sea floor. Figure 2 displays
the excitation spectrum of the fundamental mode for
source heights ranging from 1 m to 50 m above the sea
floor. In the Appendix, the excitation spectrum is de-
noted A(w,h) and source height is d — h where d is the
depth of the water layer and h is the depth of the source
(d > h). For the synthetic wave-fields presented here, a
source height of 2 m produces an excitation spectrum
that is flat from 3 - 10 Hz. As the source is raised above
the sea floor the excitation of the fundamental and the
higher modes is reduced systematically. The spectrum
also becomes more narrow banded and peaks at succes-
sively lower frequencies. The consequences of this fact
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Figure 4. Displacement eigenfunctions computed from the
marine model in Figure 17 for (a) the fundamental mode (Iy),
(b) the first overtone (I1), and (c) the guided wave (G1). Ver-
tical and horizontal eigenfunctions are plotted as solid and
dashed lines, respectively. The frequency is indicated next to
each eigenfunction: 2, 3, 5, 10 Hz for the fundamental, 3, 5, 7
Hz for the first overtone, and 3, 4, 8 Hz for the guided wave.
The guided wave is a mixture of modes and what is shown in
(c) are the eigenfunctions for the first overtone at 3 Hz, the
second overtone at 4 Hz, and the third overtone at 8 Hz. The
eigenfunctions are unitless and are normalized such that the
vertical eigenfunctions are unity at the solid-water interface
(0 depth) and the associated horizontal eigenfunction has the
same normalization. Thus, for each mode at each frequency
the ratio of horizontal to vertical eigenfunction is as presented
in this figure, but amplitudes are not comparable across mode
types and frequencies. The scale for the horizontal eigenfunc-
tions for the fundamental mode at 2 Hz and the guided waves
have been divided by 2 and 2.5, respectively, so that the ver-
tical eigenfunction would be visible. The vertical grey lines
indicate the zero levels.

for the design of marine surveys is discussed in Section
5.

All of the modes that contribute to Figure 1 are
dispersive; that is their phase and group velocities are
not equal. The group and phase velocity curves for our
shallow marine model are displayed in Figure 3. The am-
plitudes of the resultant waves will be expected to max-
imize near the Airy phases, that is near the maxima and
minima of the group velocity curves. Strong arrivals are,
therefore, expected at frequencies above ~2 Hz for the
fundamental mode and above 5 Hz for the first overtone.
As Figure 4 shows, the displacement eigenfunctions of
the fundamental and first overtone at these frequencies
maximize near the sea floor and are trapped in the top 10
- 20 m beneath the sea floor. These waves are, therefore,
referred to as interface waves and we identify them as
Ip and I, respectively. Different modes that have nearly
the same group velocities and similar phase velocities
will sum coherently and may generate a large amplitude
arrival. For our shallow marine model, the Airy phases
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Figure 5. Vertical (top) and horizontal (bottom) component
synthetic seismograms computed by normal mode summa-
tion using the fundamental mode and the first 11 overtones.
The basis model is the marine model presented in section 4
(Fig. 17). Receivers are placed at 25 m intervals ranging from
100 m to 1200 m from the source. The main wave types are
indicated with dashed lines: phases Ip, I1, G1, and S are de-
scribed in the text and SS and SSS are double and triple
shear bounce phases, respectively. No instrument responses
are applied, and ground motion is displacement. The horizon-
tal component is the direction radially away from the source
at the receiver. The seismograms have been band pass filtered
with corners at 1.5 and 8 Hz.

from the first (~ 3 Hz), second (~ 4—6 Hz), third (~ 8—9
Hz), and higher overtones create a plateau or ridge on
the group velocity diagram and sum to produce a wave
guide arrival that we call a guided wave and denote as
G1. There may be several guided waves trapped in dif-
ferent waveguides each creating a separate ridge on the
group velocity diagram. Figure 4c demonstrates that G
is trapped in about the top 70 m beneath the sea floor.
Thus, the interface and guided waves provide informa-
tion about different depth ranges of the subsurface. This
fact is exploited by the MWI method.

Figure 4 further demonstrates that the polarization
of each mode is frequency dependent. Two good rules of
thumb follow. First, the fundamental mode is approxi-
mately vertically polarized above 5 Hz, is nearly circu-
larly polarized at 3 Hz, and is horizontally polarized at
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Figure 6. Frequency-time diagrams constructed from the
synthetic seismogram FF0013 in Figs. 1 and 5. Darker
shades denote larger amplitudes. (Left) Vertical component
(COMZ). (Right) Horizontal component (COME). These
plots are sometimes called Gabor diagrams. The records are
400 m from the source. Theoretical group velocity curves from
Fig. 3a are overplotted and wave types are indicated. The re-
gion of the diagram that contributes to the guided wave G1
is circled.

2 Hz. Second, the overtones are all nearly horizontally
polarized at the sea floor except at very low frequencies.
Thus, the fundamental is observable on both vertical and
horizontal components, but the other modes are poorly
observed on vertical records except at frequencies below
about 3 Haz.

These expectations are confirmed by the synthetic
record sections displayed in Figure 5. We wish to explore
how information extractable from these waveforms can
be used to infer shallow subsurface S structure. The in-
verse problem using measurements of group and phase
velocity has been well studied. Given the full set of the-
oretical dispersion curves presented in Figure 3, the in-
put model could be very accurately reconstructed. These
curves, however, cannot be fully estimated from the data.

Dispersion measurements are commonly obtained
using frequency - time analysis (e.g., Dziewonski et al.,
1969; Levshin et al., 1972, 1989; Cara, 1973). An ex-
ample is shown in Figure 6. Broad-band (~2 - 8 Hz)
dispersion measurements of the fundamental interface
wave are obtainable on both the vertical and horizon-
tal components. Dispersion measurements for the first
overtone interface wave are also possible on the horizon-
tal component from about 5 - 8 Hz. Note that for the
higher modes the largest amplitudes are, indeed, near
the Airy phases. Thus, broad-band dispersion curves for
the higher modes would be difficult to obtain even on
synthetic data. The best that can be done in practice
is to measure the velocity of each guided wave on the
horizontal component. These velocities then define the
associated ridges or plateaus in the group velocity dia-
gram; e.g., the first through third overtones for G seen
in Figure 6.

In summary, these synthetic experiments indicate
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Figure 7. Turning depths for the refracted phases S and P
as well as the bounce phases SS and SSS in our shallow ma-
rine model (Fig. 17). Because the model is parameterized as
a stack of constant velocity layers, these curves are largely
piece-wise constant indicating head waves below a jump dis-
continuity in the model. The S phases are solid lines and P
is a dashed line.
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Figure 8. Theoretical PdS travel times computed from the
shallow marine model in Fig. 17. The solid lines indicate the
theoretical curves for reflectors ranging in depth from 10 m
to 250 m indicated to the right of each curve and define a
“reverberative interval” in which PdS arrives. The dashed
lines are the travel time curves for single refracted P and S.
(PdS is a converted phase in which a downward P wave is
partially converted to an upward S wave at a reflector at a
depth of d meters.)

that one should be able to measure and interpret the
group and phase velocities of Ip and I; and, potentially,
the group velocity of any guided wave that exists in the
data. Inspection of the vertical component frequency -
time diagram in Figure 6 also suggests that a group ve-
locity measurement can be made for the first overtone
at very low frequencies (~2.5 Hz). This may, indeed, be
the case in some marine surveys, but in the next section
we show that this feature does not appear in the Fair-
field Industries data, probably due to the effects of the
instrument response and attenuation.

The remaining information in the synthetic data is

more fruitfully considered from a body wave perspec-
tive. Observations of the travel times of refacted S are
relatively easy to make on horizontal component marine
data as we show in Section 3. In addition, as Figure
7 shows, these measurements complement interface and
guided wave data by providing sensitivity to structures
deeper than the 50 - 75 m that guided waves sample.
As discussed in the next section, S travel times may be
obtained from the Fairfield Industries data to a range
of only about 1.2 km, which means that the shallow
S model can extend no deeper than about 225 m (see
Fig. 7). The double and triple refracted surface bounce
phases SS and SSS are also apparent in the synthetic
wave-field in Figure 5, with each bounce phase emerg-
ing successively further from the source. Measurements
of the absolute travel times of these phases are difficult
to obtain, but global scale studies have shown that the
differential times S5 —5, SSS—S, and SSS—SS can be
measured robustly and interpreted in a straightforward
way (e.g., Woodward and Masters, 1991). This is done by
cross-correlating the earlier arriving of each phase pair
with the later arrival. In doing so all phase shifts result-
ing from the surface bounce(s) are corrected by Hilbert
transforming. Finally, the converted phase that we call
PdS is also useful to help constrain the depths of jump
discontinuities. This phase is a down-going P wave that
converts to an up-going S wave at a discontinuity at a
depth of d meters below the sea floor; e.g., a down-going
P that converts to an up-going S at 70 m depth is called
P70S. PdS phases are dominantly expected to precede
S and follow P in the waveform, as Figure 8 shows.

3. Data and Measurements

The discussion in this and the subsequent section will fo-
cus on measurements and interpretation of a small data
set provided to us by Fairfield Industries. Figure 9 dis-
plays the experimental layout in which a line of shots is
recorded at three receivers. The data divides naturally
into three receiver gathers and each gather separates into
shots on either side (northing (N) or southing (S)) of the
receiver: lines 1N, 1S, 2N, 2S, 3N, and 3S. Shots occur
in about 5 m of water, so source heights average about
3 m above the sea floor. As discussed further in Section
5, it is the proximity of the shots to the sea floor that
makes these data so useful to infer shallow shear velocity
structure.

Figure 10 presents examples of vertical and hori-
zontal record sections. The main wave types in evidence
in the observed wave-field are similar to those of the
synthetic wave-field in Figure 5. The major difference
between the observed and synthetic wave-fields is in the
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Figure 9. Layout of the shots and receivers for the marine
data provided by Fairfield Industries. Each shot is denoted
by a star and each receiver by a diamond. There are three
receiver gathers divided into ‘northern’ and ‘southern’ parts
so that, for example, 1N denotes the northern half of shots
for the first receiver. (The actual geographical directions are
unknown to the authors.)

amplitudes and frequency content. Improving agreement
in these quantities will require a knowledge of the am-
plitude response of the instruments and a model of Q.
We measure the fundamental and first-overtone dis-
persion curves from vertical and horizontal component
data, respectively. Figure 11 displays an example of the
frequency - time diagrams used for these measurements.
The guided wave (1 is observed between 4 and 9 Hz
and averages about 140 m/s, and G is observed between
about 6 and 9 Hz and averages about 170 m/s. Refracted
S travel times are also measurable as Figure 12 shows.
The wave-paths of some of the measurements, refer-
enced to Figure 9, are shown in Figure 13. Fundamental
group velocity measurements are obtained from source
- receiver distances ranging from about 75 m to 650
m. The maximum distance is limited by the length of
the observed time series (16 s). Consequently, the first
overtone, being faster than the fundamental, is measured
to greater distances, out to about 1 km in some cases.
The locations of the S travel time measurements are not
shown in Figure 13, but are typically obtained at source
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Figure 10. Marine data from Fairfield Industries. Water
depth is about 5m and acoustic sources are about 3 m above
the sea floor. Vertical (top) and horizontal (bottom) com-
ponent receiver gathers are from shot line 1N for the vertical
component and shot line 2S for the horizontal component (see
Fig. 9). Dashed lines on the vertical records are approximate
theoretical arrival times of the fundamental Rayleigh wave
(Io) and the first guided wave (G1) and on the horizontal
records they are the refracted shear phase S, the refacted sur-
face bounce phases S'S and SSS, and the group arrival times
of the first Rayleigh overtones (I1) and two guided waves
(G1,G2). Predictions are from the subsurface shear model in
Fig. 17. Shots range from about 50 m to about 1.2 km from
the associated receiver. The vertical and horizontal records
are low pass filtered with a high frequency corner at 5Hz and
8 Hz, respectively, to accentuate these low frequency shear
phases.

- received distances ranging from about 100 m up to
1.5 km. Observations past about 1.2 km become difficult
with this data set. This distance range is reflected in
the standard deviations of the measured S travel times
shown in Figure 15.

The phase velocities of the dispersed waves are also
potential observables. Although phase and group veloc-
ities are simply related through a frequency derivative,
the group velocity measurements are obtained on the en-
velope of the waveform whereas phase velocity estimates
derive from observations of the phases themselves. Thus,
although phase and group velocity measurements are not
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Figure 11. Example of frequency-time diagrams for the Fair-
field Industries data: record FF230 (Fig. 10) is from receiver
gather 2S (Fig. 9). The vertical component is at left and a hor-
izontal component at right. Theoretical group velocity curves
(Fig. 3a) computed from the shallow marine model (Fig. 17)
are overplotted. Wave types are indicated. The shot-receiver
distance is about 500 m.
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Figure 12. Examples of the measurement of S velocities for
a set of horizontal component records on the 1N shot line
(Fig. 9) from the marine Fairfield Industries data. A low pass
filter with high frequency corner at 8 Hz was applied to re-
duce the high frequency noise (multiple P arrivals and P to S
conversions) preceding the S arrivals. Shot - receiver distances
range from 341 m to 541 m.
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Rayleigh wave phase velocity, and (c) first overtone Rayleigh
wave (I1) group velocity. The vertical scales are identical to
that in Fig. 9 and the horizontal scales indicate the measure-
ment number. The wave paths of 115, 270 and 148 separate
measurements are shown in panels (a) - (c), respectively.
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Figure 14. Average of interface wave dispersion and S wave
travel time measurements obtained from the Fairfield Indus-
tries data. (Left) Fundamental mode (Up), first overtone (U1 ),
and guided wave (G1,G2) group velocities and the phase ve-
locity of the fundamental (Cp) are shown. (Right) Average S
wave travel time.

completely independent, it is useful to measure them
both. Observations of phases are defined unambiguously
only modulo 27, so there is an inherent ambiguity in
the phase velocity inferred from the observed phase at a
given source - receiver distance. This problem worsens as
the source - receiver distance increases. One way around
this problem is to measure the difference in the observed
phase for two paths that are nearly coincident so that
the expected phase difference between the two observa-
tions is much smaller than 27w. We measure differential
phases for shots that are nearly the same distance from a
particular receiver. These differential phase velocity mea-
surements constrain the phase velocity of the wave only
between the shots and, therefore, provide higher hori-
zontal spatial resolution than the absolute velocity mea-
surements. This is reflected in Figure 13 which shows
that the phase velocity measurements all have shorter
baselines and do not terminate at the receiver.

The average of the velocities or travel times of sev-
eral wave types is shown in Figure 14. The standard
deviations of the measurements about these means are
shown in Figure 15. The standard deviations of the G1
and G2 measurements also vary with frequency. In the
middle of both of the G1 and G2 curves the standard
deviation is small (~5m/s, ~3%) but more than doubles
near the end-points. The guided wave measurements are
somewhat more difficult to interpret than other disper-
sion measurements because they are composed of several
modes and their appearance on frequency-time images is
variable. We discuss the implications of this for inversion
in the next section.

Although we mentioned in Section 2 that differential
S travel time measurements can be obtained and the
SS and SSS phases are quite apparent in the observed
record section shown in Figure 10, we do not use these
phases here and this is left as a direction for future work.
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Figure 15. Relative rms misfit between the measurements
and the mean values shown in Fig. 14 for (a) the fundamental
mode Rayleigh wave group velocity (Ip), (b) the first overtone
Rayleigh wave group velocity (I1), (c) the fundamental mode
Rayleigh wave phase velocity (Cp), and (d) the S wave travel
time. When the group velocities from Fig. 16 are taken as
the reference, the misfit to the fundamental Rayleigh wave
group velocity measurements reduces to the dashed line in
(a). Interface wave results are plotted versus frequency and
the S wave results versus horizontal distance. All units are
percent.

4. Inversion

Based on the source height above the sea floor (dis-
cussed further in Section 5), the Fairfield Industries data
are particularly amenable to inversion for shallow shear
velocity structure. These data are distributed approxi-
mately linearly in two-dimensions (2-D), as seen in Fig-
ure 9. Thus, a 3-D inversion is out of the question and,
with receivers spaced about 1 km apart, it is not even
possible to do a meaningful 2-D inversion because sub-
surface shear velocities vary on much smaller scales than
the receiver spacing. Thus, the best we can do here is an
inversion of the average measurements for a 1-D model.
With a suitable distribution of sources and receivers,
however, the MWI method is entirely suited for 2-D or
3-D inversions.

To investigate the spatial variability of the measure-
ments prior to inversion, we use the 115 fundamental
mode group velocity dispersion curves obtained for the
wave paths shown in Figure 13a to produce an estimate
of the smooth spatial variation in group velocities. This
is an example of surface wave tomography (e.g., Barmin
et al., 2000) and a similar approach was taken by Stoll et
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Figure 16. Spatial variation of group velocity dispersion for
the fundamental Rayleigh wave (Ip) from the marine Fairfield
Industries data. Distances refer to the spatial scale in Fig. 9.

al. (1994b). We obtain Figure 16 which shows that group
velocities are considerably slower toward the ‘north’ by
up to 25% relative to the far ‘south’. The relative error of
most of the measurements is presented in Figure 15. This
smooth spatial variation of fundamental mode group re-
duces the relative error in the measurements from about
6-9% to under 2% on average. Therefore, most of the
variability in the measurements is systematic and we
conclude that measurement variance dominantly has a
structural cause. A 2-D model would be able to fit the
measurements considerably better than the 1-D model
whose construction we describe here.

We invert six curves that represent the average of
all measurements for a 1-D model, the five dispersion
curves and one travel time curve shown in Figure 14.
These include the group velocities of the fundamental
and first overtone interface waves and two guided waves
(G1,G2), the phase velocity of Iy, and the travel time
curve of the refracted S wave.

As discussed briefly in the preceding section, each
guided wave is composed of a different combination of
modes. This renders these waves more difficult to inter-
pret in practice than the dispersion measurements for a
single mode. For this reason, we do not attempt to fit
the dispersion curves of G1 and G directly but only to
fit certain discrete velocities along each average group
velocity curve. For Gi1 we use the velocities at 5.5 and
7.0 Hz (~130 m/s and ~140 m/s), which we interpret
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as the second and third overtones, respectively. For G»
we only use the velocity at 7.0 Hz (~170 m/s) which we
interpret as the fourth overtone. The assignment of the
modal constitution of the guided waves requires insight
into the general dispersion characteristics of the medium.
This insight must be based on a fairly good subsurface S
model prior to the introduction of the guided waves into
the inversion. In practice, the guided waves must be in-
troduced after models that fit the other data are found.
This renders the inversion formally non-linear because
the interpretation of the guided waves depends on the
models that fit the other data. Thus, guided waves are
only useful in the context of an inversion with other more
simply interpreted data, such as the refracted S and in-
terface dispersion measurements here, or a priori infor-
mation about subsurface structure (e.g., from bore-hole
measurements).

Inversions can be performed with any of a variety of
different methods. We choose a Monte Carlo method be-
cause it is simple and provides several advantages. First,
it permits the application of a wide variety of side con-
straints on the model. Second, it presents a range of mod-
els as acceptable which allows uncertainty estimates to
be assigned to the estimated model. These estimates,
however, are defined relative to the relative weighting
assigned to the different data types in the penalty func-
tion and the side constraints to which the model must
adhere. Finally, it is easy to add new data as they become
available which allows the model to develop iteratively.

We parameterize each model as a stack of about 33
constant velocity layers that extend from the sea floor
to a depth of about 300 m underlying the water layer.
Layer thicknesses grow gradually with depth from 1.2 m
directly below the sea floor to ~16 m in the lowermost
layer. Each model is a perturbation to a starting model
that we constructed by explicitly inverting the group ve-
locity curves of the fundamental mode and the first over-
tone for a shallow model down to a depth of about 30 m
below the sea floor, fixing the top 30 m at this model,
and then inverting the S travel times for a model from
30 m to 300 m depth. This model appears sufficient to
identify the modal constitution of the guided waves. The
allowable perturbations in each layer are uniformly dis-
tributed in a wide band about this starting model such
that the resultant model exhibits monotonically increas-
ing velocities with depth. To avert unnecessarily oscilla-
tory models, some kind of ‘smoothing constraint’ on the
allowable models is necessary in the absence of explicit a
priori information about the location of low velocity lay-
ers. We choose the monotonicity constraint because there
is little indication of shadow zones in the S arrivals. If
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Figure 17. Our shallow marine model: (a) shear velocity Vs,
(b) compressional velocity V}, and (c) V,/Vs.

shadow zones exist, then it would be reasonable to allow
low velocity zones in the appropriate depth ranges.

The penalty function that defines the set of accept-
able models is based solely on total x? misfit. This statis-
tic divides into the misfit to the measurements of single
mode dispersion (X(Ziisp)’ S travel times (Xzs): and the

discrete guided wave velocities (X%W) as follows:

2

X* = Xaisp T XS+ xgw (1)
N
1

B Awn /052(“’) [Un(@) ~ Un(@)]dw (2)

2
Xdisp
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Figure 18. Results of the Monte-Carlo inversion for Vs. (a)
The best fitting model and 20 error bars, where ¢ is the stan-
dard deviation in each layer of the ensemble of acceptable
models. The best fitting model is shown as the solid line. (b)
Vertical sher wave travel time to the surface computed from
each depth and 20 error bars, where ¢ is the standard devia-
tion of the travel time for the ensemble of acceptable models.

Xew = MY 007 [Un(w) = Un(@)] (4)

where w is frequency, ¢ is distance, U represents a mea-
sured velocity, T is a measured travel time, U and T
are quantities predicted by a model, n is the disper-
sion measurement index, m is the index for the discrete
guided wave velocities, o, represents the frequency de-
pendent standard deviation of dispersion measurement
n, or is the distance dependent standard deviation of
the S travel time, and the integrals are performed over
the limits of the measurements of width Aw,, for disper-
sion measurement n and A/ for the travel time.

The ensemble of acceptable models is defined by a
total x? < 4, which means that the data on average are
fit to twice the standard deviation of the measurements
(see Fig. 15). We considered several hundred thousand
trial models from which about 300 ‘winners’ emerged.
One of the better fitting models, shown in Figure 17, is
the model we use as a reference throughout the paper.
S velocities range from about 45 m/s at the sea floor to
nearly 500 m/s at a depth of 225 m. The depth gradi-
ent is very high in the top 20 m, as expected for com-
pacting marine sediments (e.g., Hamilton, 1980; Meiss-
ner et al., 1985), and between depths of 40 m and 80 m,
but generally decreases with depth . The high gradient
regions are modeled with prominent discontinuities be-
tween about 10 and 20 m and at a depth of about 70 m.
The P model in Figure 17b is estimated independently
from the S model using the measured refracted P travel
times with the constraints that the velocity at the sea
floor is the acoustic velocity in sea water and that P ve-
locity also increases monotonically with depth. Like the
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S model, the P model exhibits prominent jump discon-
tinuities between 15 m and 20 m depth and at a depth
of about 70 m. As shown in Figure 7, at a given source
- receiver distance P turns at about half the depth of S.
Because we obtained P travel times on the same records
as S and, therefore, only to a distance of about 1.4 km,
the P model extends only to about 100 m beneath the
sea floor. P can be measured to much greater ranges than
S and the model is extendible to greater depths easily.
The V, : Vi ratio, shown in Figure 17, is in excess of
20 in the shallow layers, decreases rapidly to a depth of
about 20 m and then more gradually to attain a value of
about 4 at a depth of 100 m.

Figure 18a quantifies the range of acceptable mod-
els. The uncertainties are fairly conservative. We have
used a 20 misfit criterion (x? < 4) and have then plotted
error bars that are twice the standard deviation across
the acceptable models in each layer. Figure 18b displays
the range of vertical shear wave travel times exhibited
by the ensemble of models for each depth. There are
no acceptable models that run systematically along the
outskirts of the errors bars in Figure 18a. Rather an ac-
ceptable model may approach one end of an error bar at
some depth, but then returns to more normal values at
other depths. For this reason, the error bars on vertical
travel times are much smaller than the uncertainties in
the model (<2% in half width compared with ~7% at
the bottom of the model). If a model is faster than aver-
age deep in the model it will be compensated by being
slower than average higher up in the model. The use of a
variety of wave types with differing depth sensitivities is
designed to limit these trade-offs, but only S constrains
features below a depth of ~70 m beneath the sea floor.
Thus, these trade-offs occur mainly between 70 m and
the bottom of the model. The error bars in the model and
in the vertical travel time both are dominantly caused
by variance in the data due to lateral structural inhomo-
geneity. Therefore, the uncertainties in these quantities
would be substantially reduced with a 2-D inversion.

The importance of modeling S accurately for the
shear static correction is seen by the fact that S spends
an inordinate amount of time in shallow layers in a ma-
rine environment: in this model about 750 ms in the
top 250 m and nearly 200 ms in the top 25 m alone.
Physically reasonable a priori uncertainties in the shear
velocities in the top 25 m could translate to a ~100 ms
receiver static prior to inversion.

The largest uncertainty in the model occurs around
70 m depth because the depth of the discontinuity near
this point in the model is not unambiguously determined
by the data we invert. All of the models in the ensemble
do possess a significant discontinuity somewhere between
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Figure 19. Theoretical arrival times of P and the converted
phase PdS are shown as dashed lines plotted over horizon-
tal waveforms from the 2N receiver gather (Fig. 9). The ar-
rivals are computed with the shallow marine model shown in
Fig. 17. Arrivals from different hypothesized reflectors are la-
beled with the depth of the reflector at the top of the figure.
The amplitudes of the waveforms are modified by a geomet-
rical spreading factor to facilitate comparison.

60 and 80 m. The discontinuity that appears in the P
model is consistent with this depth range, but is simi-
larly poorly constrained. In principle, we should be able
to get more information from the phase PdS which could
help in localizing shallow discontinuities. The instrument
response of the data should be deconvolved and, if possi-
ble, the phase should have an anti-attenuation filter ap-
plied prior to processing. Unfortunately, the instrument
responses of the Fairfield Industries data are unknown
to the authors and we have, to date, constructed only
a very crude @Q model. We have, therefore, not included
observations of PdS in the inversion, but the raw wave-
forms can be used in an approximate way to test the
location of the discontinuities in the model.

Figure 19 displays horizontal component seismo-
grams with theoretical arrivals of the phase PdS over-
plotted for a number of hypothetical reflector depths.
The P and S velocities used to compute the theoretical
arrival times for each hypothesized reflector are from the

PS

WS2275 COME

T
4

i
;

;z
:

|

53
8
&
r
!—‘g
o4
g
o
w
o

4.0 5.0 6.0 7.0 8.0 9.0 10.0
time (s)

Figure 20. Marine data from Western Geophysical. Water
depth is slightly greater than 20 m on average and acoustic
sources are about 20 m above the ocean bottom. Dashed lines
represent approximate arrival times of Ip, I, and S. Shot
WS2235 is about 32 m from the receiver and shot WS2275 is
about 1.025 km. All records have been low pass filtered with
a high frequency corner at 3Hz. All records are horizontal
components.

shallow marine model of Figure 17. Figure 19 shows that
the phase PdS defines an interval of reverberations com-
prising phases converted from down-going P to up-going
S at depths where the vertical gradient in impedance
is sufficient to generate a phase conversion. The data
are consistent with there being a number of significant
discontinuities in the shallow subsurface. The shallowest
reflector is at about 10 m beneath the sea floor, there
appears to be a sequence of reflectors between about 40
m and 80 m depth, and there is also evidence of a reflec-
tor at a depth of about 150 m. The amplitude of some of
the arrivals in the reverberative interval varies along the
record section, which indicates either that the disconti-
nuity is spatially sporadic or that the impedance contrast
is variable. Therefore, PdS is a promising phase for imag-
ing shallow discontinuities given an accurate model of P
and S velocities above the reflectors. PdS reverberations
for shallow reflections are sufficiently complex that their
use in practice is not simple, however. Improvements in
interpretation will require deconvolving the instrument
response and, perhaps, fitting synthetic seismograms to
unravel the information in the waveform.

5. On the Design of Marine Surveys

To generate seismic wave-fields that exhibit the full com-
plement of phases that provides information about shal-
low S structures, a marine survey must satisfy certain
requirements. First and foremost, as Figure 2 shows, the
efficiency with which the acoustic wave-field in the sea
converts to a shear wave-field in the marine sediments de-
pends strongly on the height of the acoustic source above
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Figure 21. Marine data from Unocal: (a) unfiltered, (b) low
pass frequency filtered (high frequency corner at 3 Hz), and
(c) frequency-wavenumber filtered. Water depth is about 50
m and the acoustic source is about the same height above
the ocean bottom. Refracted shear waves, guided waves, and
interface waves are not seen on the raw data, but very low
frequency shingled guided waves are barely visible on low pass
filtered record sections. The guided waves, probably from the
first overtone, are more clearly seen on records that have been
filtered in the frequency-wavenumber domain. Shot spacing is
about 25 m and source-receiver distances here range from ~0
to ~750 m.

the sea floor. Moving the source off the bottom rapidly
attenuates the amplitude of the shear phases and reduces
their band-width to very low frequencies. For example,
moving a source from 1 m to 10 m above the sea floor
reduces the amplitude of the fundamental mode at 3 Hz
by an order of magnitude and at 5 Hz by three orders
of magnitude. Seismic wave-fields produced by sources
more than a few meters above the sea floor are limited
to very low frequencies, and much of the potential in-
formation about shallow shear structures is missing. As
examples, Figures 20 and 21 display records generated
with acoustic sources about 20 m and 50 m above the sea
floor, respectively. Only very low frequency (<3 Hz) fun-
damental modes and S waves are observed with sources
~20 m above the sea floor. With sources ~50 m above
the sea floor, no shear arrivals are observed in the raw
data, although a very low frequency guided wave is ex-
tractable from the record section after the application of
an appropriately designed w — k filter.

Second, there is a variety of information that is
very important in modeling slow low-frequency horizon-
tally propagating waves that may be much less impor-
tant in studying seismic reflections. For example, com-
plementary to the height-of-source requirement is the
requirement that the instrument accurately record low
frequency arrivals. Thus, it is desired for the instrument
to record down to 1 Hz and the phase response of the
instruments must be known well. The data that we re-
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ceived from Fairfield Industries meet the height-of-source
requirement well and the instruments appear to record
signals well down to about 2 - 2.5 Hz, but the phase re-
sponse of the instruments are unknown to the authors.
An instrumental phase advance or lag of, for example,
/2 at 3 Hz would change the measured group velocities
by about 1%. This is lower than the variance in the data
by about a factor of 2 - 3 and is, therefore, unlikely to
affect the 1-D model that we present here appreciably.
In a 2-D inversion, however, 1% errors would become
meaningful. The inversion of travel times alone makes
information about the instrumental amplitude response
unnecessary, but if wave-field modeling or () estimation
are desirable, then the amplitude response of the in-
strument must also be known. Improving the agreement
between the observed and simulated wave-fields beyond
that exhibited by Figures 5 and 10 will require using this
information. Another important piece of information is
accurate source and receiver locations. If we desire travel
times with an accuracy better than 1%, then we would
like source and receiver positions determined to about
1 m which appears to be beyond current accuracy stan-
dards of most marine surveys. Finally, if we wish to mea-
sure waves propagating at 40 m/s to distances of 500 m,
say, measured time series must be at least 12 s in dura-
tion. This places a constraint on the shot spacing with
time.

Third, Love waves are not efficiently generated by
acoustic sources in a water layer and, in the three data
sets discussed in this paper, we see essentially no sign
of them. In land surveys with vibroseis or buried explo-
sive sources, however, they are apparent and may pro-
vide useful information complementary to the Rayleigh
waves. For example, with observations of both Rayleigh
and Love waves one can infer information about trans-
verse isotropy (e.g., Bachman, 1983; Odom et al., 1996).
If information from Love waves is desired, sources on
towed sleds have been developed by marine geophysicists
to generate them (Stoll et al., 1994a) and a few studies
have been completed on Love waves in marine sediments
(e.g., Bautista and Stoll, 1995). It should be mentioned,
however, that Love waves complicate the seismograms
such that unambiguous simultaneous determination of
Rayleigh and Love wave dispersion may be challeng-
ing. Thus the absence of Love waves in marine explo-
ration may be considered a positive feature by some, and
more sophisticated sources should only be considered if
the added information provided by Love waves is truly
needed.

Fourth, as discussed above, the MWI method is best
suited for a 2-D or 3-D inversion. For a multi-dimensional
inversion, the sources and receivers should be spaced to
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match the lateral heterogeneity in the medium. The data
set provided to us by Fairfield Industries has about a 1
km receiver spacing and a 25 m shot spacing. The re-
ceiver spacing defines the lateral resolution deep in the
model and should, therefore, be no coarser than the min-
imum lateral resolution that is desired at depth, perhaps
50 m - 100 m. A shot spacing of 25 m may be adequate
for most purposes. It may be worth noting, however, that
the wavelength of the fundamental mode at frequencies
above 5 Hz is <10 m, so the unambiguous application of
any stacking method based on w — k analysis would re-
quire a shot spacing less than 5 m. This may mean that
w — k analyses are economically undesirable.

Fifth, as with any inversion, the quality of the esti-
mated shear velocity model is conditioned by the quality
of a priori information used in the inversion. The inver-
sion for shallow shear structure would be improved if
information from shallow cores or other sources could be
utilized. Particularly useful would be ‘ground truth’ in-
formation on lithological boundaries at which the shear
velocity would be expected to jump discontinuously.

6. Conclusions

The seismic wave-field produced by an acoustic source in
a water layer overlying marine sediments is rich in infor-
mation about shallow subsurface shear velocities if the
conditions discussed in section 5 are met. It is particu-
larly important for the acoustic source to be very near
the sea floor. We have shown that multi-component data
currently being accumulated as part of offshore explo-
ration can be used to construct reliable models of shear
velocities to a depth of about 200 m. Such an S model,
together with a P model constructed by inverting re-
fracted P-wave travel times, appears to constrain Vj, : V;
well.

The characteristics of the marine seismic wave-field
are very site dependent. The observable waves, their
travel times, frequency contents, and dispersion proper-
ties will vary from site to site and the application of MWI
must adapt to these variations. In almost any case, how-
ever, the waves that will be the most straightforward to
interpret are the dispersion characteristics of the funda-
mental and first overtone interface waves and the travel
times of refracted S. In the Fairfield Industries data col-
lected off Louisiana, the group and phase velocities of
the interface waves provide useful, although not entirely
independent, constraints on shear velocities to a depth of
20 - 30 m. Although guided waves may be difficult to in-
terpret, they provide valuable information to somewhat
greater depths (~70 m) than the interface waves. The
travel times of refracted S-waves provide information to

the deepest point of penetration of the farthest S waves
observed. S is unambiguously observed in the Fairfield
Industries data to a source - receiver range of about 1.2
km, which corresponds to an S turning depth of about
225 m.

To date, we have proceeded only part of the way
toward exploiting the full richness of the marine seismic
wave-field. We have designed the MWI method specifi-
cally to allow the incorporation of observations on other
types of waves. For example, multiple bounce S phases
(e.g., SS, SSS) are well observed in the Fairfield Indus-
tries data and differential travel times between arrivals
are relatively easy to measure and interpret to improve
constraints at depths between about 30 m and 100 m.
In addition, the converted phase PdS would be useful to
constrain the location of jump discontinuities. Finally,
the full capabilities of the MWI method await its appli-
cation to appropriate data sets for 2-D and 3-D inver-
sions.
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Appendix. Normal Mode Synthetic
Seismograms for a Vertically Inhomogeneous
Medium Underlying a Fluid Layer

We consider surface wave propagation in a laterally
homogeneous isotropic elastic half-space in which the up-
per layer is a fluid. We use a source-centered cylindrical
coordinate system (r,¢,2), 0 < r < o0, 0 < ¢ < 2m,
0 < z < oo. The 1D isotropic model is character-
ized by a piece-wise continuous vector-function m(z),
m = (a,3,p), where a and 8 are P- and S-velocities
and p is density. We assume that there exists a depth Z
at which a and (3 reach their maximum values and are
constant at depths z > Z.

Let a point explosive source situated at the point
(0,0,h) and be described by the seismic moment tensor
MH (t), where ¢ is time, and M = M,I where I is the
identity matrix. Such a source does not generate SH and
Love waves. H (t) may be approximated by the formula:

0
H#) = { exp (—t/to)

and the characteristic time of the explosion, t,, is a small

t<o0

S, (A1)

constant which is a function of the source mechanism.
The Fourier transform of H (t) is

H(w) = /°° H(t) exp(—iwt)dt (A2)

The receiver is located at the point (r, ¢, d) on the surface
of the solid medium, where d is the thickness of the liquid
layer.

A synthetic seismogram of the displacement ob-
served at the receiver is

u(t,r,d) = 2L / D(w,r, h) exp(iwt)dw, (A3)
™

— 00

where r is the epicentral distance, and h is the source



depth. Due to the axial symmetry of the problem rel-
ative to the vertical axis there is no dependence of the
seismogram on the epicentral azimuth ¢.

The displacement spectrum can be presented as a
sum of two terms

D =Dy +Dnwm. (A4)

The term Dwnwm describes the contribution of body
waves, guided and interface waves of Rayleigh type which
propagate with phase velocities (inverse slownesses) less
than B(Z), the maximum shear velocity in the medium.
In particular, it includes the contribution of refracted
(diving) and head S-waves in which rays are confined to
the depths 0 < z < Z. The energy of these waves does
not leak into the underlying half-space (z > Z). The
term Dp in equation (A4) describes waves that pene-
trate or leak into the half-space, mostly P waves and
subcritical S and PdS reflections. Their phase velocities
are higher than 3(Z). Here we consider only the contri-
bution of waves representable by normal modes. The set
of waves represented by Dy, can be minimized by mak-
ing 8(Z) and Z very large, which is the basic idea of the
locked mode formalism of Harvey (1981).

The normal mode spectrum may be further de-
composed into fundamental and overtone modes de-
pending on the vertical order n of the mode, Dnm =
Zn DNM(")7 where the fundamental surface wave has
n = 0. Hereinafter we suppress the index n. Let e,, e,
be the local unit vectors at the receiver, so Dnm =
D,e, + D.e., where r-direction is radially outward from
the source along the straight line linking source to re-
ceiver.

With these definitions the complex displacement
spectrum of the fundamental surface waves may be
asymptotically presented as (Aki & Richards, 1980; Lev-
shin et al., 1989)

exp(—in/4) exp(—ikr(w)r)

Dg.(w,r,h) = N \/m (A5)
X Ar(w, h) H(w),
Dgr(w,r,h) = exp(—in/2)Dr:(w,r,h)e(w), (A6)

if kpr >> 2m,r >> h. Here kgr(w) is a horizontal
wavenumber, Cr(w) = w/kr is a phase velocity, Ur (w) =
(dkgr/dw)™" is a group velocity, and ¢(w) is the eccentric-
ity of the particle motion evaluated at the ocean bottom
(z = d). The second term in equation (A5) describes
propagation effects and the third term characterizes the
excitation of a given mode by the source. We define ex-
citation spectrum as:

[U'(w, h) + kr(w)V (w, h)] Mo
) :

Ar(w,h) = = S @) In(@

(A7)
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The values of kr(w) are found as the eigenvalues of a one-
dimensional boundary-value problem for Rayleigh waves
described, e.g., by Aki & Richards (1980) or by Levshin
et al. (1989). U(w
horizontal components of the vector-eigenfunction of this

,z) and V(w,z) are the vertical and

problem. The normalization integral Ir is proportional
to the kinetic energy of the given Rayleigh mode and
is equal to fooo p(z) [UQ(w,z) + V2(w,z)] dz. There are
numerous algorithms and codes dedicated to numerical
solutions of this boundary-value problem (Haskell, 1953;
Neigauz & Shkadinskaya, 1972; Schwab & Knopoff, 1972;
Herrmann, 1978, Abo-Zena, 1979, Kennett, 1983).

To introduce attenuation to the elastic model we
add to the vector-function m(z) an extra component
Qs (z,w) which characterizes the attenuation of shear
waves as a function of depth and frequency. This is done
by adding to the elastic moduli small complex perturba-
tions corresponding to the given model of Qs(z,w) (Aki
& Richards, 1980; Levshin et al., 1989). Here, we assume
that Qs is frequency-independent, and the relation be-
tween attenuation of P- and S-waves is Qp(2)/Qs(z) =
43%(2)/3a2(z). Then, in addition to the functions de-
scribing surface wave spectra mentioned above we are
able to calculate the apparent surface wave quality fac-
tor Qg)(w) for each normal mode.

In summary, we calculate synthetic seismograms for
vertical and radial (inline) displacements generated by
the explosive source for Rayleigh waves by means of the
following equations:

ug:(t,r,d) = (A8)
1 [ -
o d(w) Z DE{"Z) (w,r, h) exp(iwt)dw,
™
oo n=0
ury (t,r,d) = (A9)
1 [ o
= P(w) Z Dg;) (w,r, h) exp(iwt)dw.
T
> n=0
where
Dy = ERUI) 4, hy(w) (A10)

Rz \/g
5P (kR (@) — wr/ Q5 (@)U (@)))

kgl)(w)r
DY = D™ (w)exp(—ir/2) (A11)

with Agl) defined by (A8) and H defined by (A1) and
(A2). ®(w) describes the band-pass filter simulating the
instrument response, and N is the number of the highest
mode existing for the frequency range defined by this
filter.
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